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Abstract
We postulate the existence of a universal Keplerian tremor for any
stable classical complex system on every scale. Deriving the charac-
teristic unit of action  for each classical interaction, we obtain in
all cases  = h, Planck action constant, suggesting that quantiza-
tion might be connected to an intrinsic chaoticity needed to assure
the stability of matter. Introducing temperature, we provide further
consistency checks corroborating our hypothesis.
PACS Numbers: 03.65.Bz; 05.45.+b; 05.40.+j
In this paper, inspired by a recent conjecture by Calogero on the possible
connection between gravity and quantization [1], we postulate that stability
of any classical system with a suciently high number of constituents is
dynamically achieved through a \universal Keplerian tremor" expressed by





Applying this hypothesis to any stable classical system associated to fun-
damental forces (gravitational, electrostatic, and strong forces) we dene the
characteristic unit of action  for each interaction, obtaining in all cases
 = h, the Planck action constant.
Therefore we suggest that quantization might be connected to an intrinsic
chaoticity of classical dynamical system needed to assure the stability of
matter.
Furthermore, we exploit the tremor hypothesis to dene the tempera-
ture of any stable classical system. Applying this denition to some well
established collective phenomena, we provide a further test of validity of our
theoretical scheme.
Since Boltzmann [2], the hypothesis of a granular character of matter
and the existence of systems with a large number of constituents have led
to stochastic descriptions of complex classical systems, culminating in the
celebrated theory of Brownian motion formulated by Einstein in 1905 [3].
On the other hand, following the pioneering eorts by Fenyes [4] and
the intriguing suggestions by Feynman [5], the general idea that quantum
fluctuations might be associated to some universal background noise was ex-
plicitely formalized in the general scheme of stochastic mechanics by Edward
Nelson in 1966 [6]. Since then, this formulation of quantum mechanics in
terms of classical stochastic processes has been sytematically developed by
Francesco Guerra [7] (motivated also by the deep connection with Euclidean
quantum eld theory [8]), and it nally reached its modern formulation in
terms of stochastic variational principles [9].
Recently, Francesco Calogero has suggested that the origin of quanti-
zation be attributed to the universal interaction of every particle with the
background gravitational force due to all other particles in the Universe,
which generates a chaotic (stochastic) motion with a characteristic constant
 measuring the time scale of stochasticity (Zitterbewegung) [1].
Assuming a basic granularity of the Universe, made up of nucleons (or
hydrogen atoms) of mass m, Calogero has derived an expression for Planck’s
constant, h = G1=2m3=2R1=2, with G the Newtonian gravitational constant
and R the radius of the Universe. This formula was already reported some
years ago by Steven Weinberg, who considered its numerical validity \so far
unexplained" and possibly hiding \a real, though mysterious, signicance"
[10].
Let us briefly summarize the scheme followed by Calogero. The start-
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ing point of his reasoning is a \universal tremor hypothesis": every particle
undergoes a stochastic motion (Zitterbewegung) due to the gravitational in-
teraction with all other particles in the Universe.
Calogero then goes on to assume that the characteristic time  of the
stochastic motion per particle, being associated to a collective chaotic eect,
should be inversely proportional to the square root of N , the total number
of particles in the Universe [1]:
 = N−1=2T ; (1)
with T the characteristic global time unit associated with a Universe of total
mass M . Dening the energy per particle  = E=N , with E total energy of
the Universe, and a global unit of action for the Universe A = ET , Calogero
denes the unit of action per particle
 =  = N−3=2A : (2)
Replacing N with the ratio of the global and the granular amount of sources
M=m, imposing that  be independent of extensive quantities and performing
an elementary dimensional analysis for the combination of the nucleon mass
m, the radius of the Universe R and the Newtonian gravitational constant
G, Calogero nally arrives at the expression
 = G1=2m3=2R1=2 ; (3)
inserting the numerical values m = 10−27kg, G = 10−11kg−1 m3 s−2 and the
most updated cosmological estimate for the radius of the Universe R = 1030m
[11], eq. (3) yields  = h, the Planck action constant (we warn the reader
that in the present work we are neglecting in the numerical computations all
those factors that do not substantially aect the order of magnitude of the
estimated quantities).
We begin by showing that Calogero’s tremor hypothesis eq. (1) is equiv-
alent to a generalization on the microscopic scale of Kepler third law in the
form l  2=3, where, by introducing the total volume of the Universe V and
the mean allowed volume per particle (specic volume) vs = V=N , we have
dened the mean free path of the individual constituents l = v1=3s . In fact,












l  2=3 : (5)
Note that, from V  R3, the rst member of eq. (4) is Kepler third law on
the scale of the Universe.
It is crucial at this point to observe that the modern cosmological scenar-
ios [11] lead to a recessing away law of galaxies in the expanding Universe of
the form L  t2=3 (with L the distance between galaxies). The congruence
of this phenomenon on large cosmological scales with our Keplerian version
eq. (5) of Calogero’s tremor hypothesis eq. (1) seems to imply a remarkable
extension of validity of Kepler third law for gravitational interactions ranging
from microscopic to macroscopic scales.
We note that the resulting picture clearly ignores the structure of the
system in its nest details, being based on a sort of mean eld description.
Therefore one may conclude that the dynamical stability of the Universe, via
some mechanism of chaoticity ruled by the scaling behaviour described by
eq. (5), is intimately connected to the Planck quantum of action and to a
long range coherence eect.
The above described theoretical scheme looks compelling, since it yields
unambigously the correct order of magnitude of h only via grossly qualitative
estimates. One is then naturally led to inquire what would be the results
upon applying it also to the other classical stable systems on dierent scales.
We thus assume the tremor hypothesis in the form of eq. (5) to hold for
any stable classical aggregate of particles, relying on the fact that for these
conned systems one can certainly introduce well dened characteristic global
units of time T and volume V .
We remark that assuming the universal validity of the tremor hypothesis
in the form of eq. (1) originally put forward by Calogero would be enough
in what follows. However, we choose to adopt the Keplerian form eq. (5)
because from a conceptual point of view it seems to characterize in a di-
rect way the universal mean eld chaotic dynamics, through a length{time
relation with the 2=3 fractal exponent.
We proceed to apply the scheme already adopted for gravitation to ag-
gregates of charged particles interacting through the Coulomb law of force,
and to systems of conned quarks in the nucleons.
We do not take into account in the present context weak interactions, as
they are not associated to stable systems, but rather to the mechanism of
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transition (via decay) between dierent equilibrium congurations of matter.
Work is in progress on this delicate point, and we plan to report about it in
a subsequent paper.
Charged particles. Let us consider rst the case of a stable aggregate
of charged particles interacting via the Coulomb law of force F = Ke2=r2,
with K  1=40 = 1010N  m2  C−2 and e = 10−19C the modulus of the
elementary charge.
Since such aggregates are in general made of collections of electrons and
protons, we can take as the natural unit of elementary mass the reduced mass
, which substantially coincides with the mass of the electron m = 10−30kg;
let us consider also the velocity of light c = 108m  s−1, and the characteristic
linear dimension R of the stable aggregate. This characteristic global scale of
length can vary from R = 10−2m (macroscopic dimensions) to R = 10−10m
(atomic dimensions).
Expressing N as the ratio of the global and the granular amount of sources
Q=e, with Q total charge of the aggregate, imposing eq. (2) and requiring
the independence of the unit of action  on extensive quantities, we obtain
A = Q3=2 ~A; by dimensional considerations ~A = f(K;m; c; R), and we nally
arrive at
 = e3=2K3=4m1=4c−1=2R1=4 : (6)
Note that, due to the R1=4 dependence, the order of magnitude of  is
not deeply aected in the wide range 10−2m  10−10m we have chosen for
the dimensions of the aggregate.
Inserting numbers in eq. (6) we have then in all cases, up to at most one
order of magnitude,  = 10−34J  s = h, i.e., once more, Planck constant.
Quarks. We now move on to consider a hadron having as granular cos-
tituents a collection of bound quarks. The interaction we consider is the
\string law" described by the typical conning potential V = kr with the
strength constant k varying in the range k = 0:1GeV fm−110GeV fm−1
(values compatible with the experimental bounds [12]). Let us also introduce
the quark masses m = 0:01GeV  c−2  10GeV  c−2 [13], the velocity of light
c and the radius R = 10−15m, which is the range of nuclear forces.
Expressing N as N = M=m, M total mass of the hadron, we obtain,
following the usual procedure, A = M3=2 ~A and, nally,
 = (mc2)3=2c−1k−1=2R1=2 : (7)
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Inserting numbers, we have again, up to at most one or two orders of mag-
nitude,  = h.
This numerical equivalence with Planck constant of the elementary unit
of action per particle for any classical fundamental interaction on each scale
seems very signicant, and can hardly be thought of being casual. We again
stress that one always obtains the same order of magnitude of  (= h) for
any force law on its typical scale (universality of Planck constant).
Some remarks are due at this point.
1) The procedure is obviously qualitative, and many renements are
needed; but it is just this aspect that makes its resulting universality all
the more compelling.
2) Due to the R1=2 dependence gravity and quarks show a larger sensi-
tiveness with respect to the variations of the dimensions if compared with
the case of charged particles, where we have a R1=4 dependence. This corre-
sponds to the much wider range of stable structures that are associated to
the Coulomb interaction (atoms, molecules, macroscopic aggregates).
3) It is important to note that in this context the quantum fluctuations
resulting from this universal Keplerian stochasticity are explicitely time{
reversal invariant, since the coherent tremor involves on equal footing all the
interacting constituents (\democratic" arrangement). This fact is in deep
contrast with the Langevin description of classical Brownian motion which,
through a \hyerarchical" prescription that singles out the Brownian particle,
implies a mechanism of reduction of degrees of freedom, leading to dissipation
on the selected subsystem.
The conclusion one may draw is that stability, long range coherence, and
time{reversal invariance are essentially coincident concepts as far as complex
classical systems are concerned.
4) We should clarify the meaning, in our context, of expressions like
\many constituents". By \many" here we mean the minimum number of el-
ementary constituents needed to induce instability on the scale associated to
the given interaction. This is best illustrated in the case of strong interactions
between quarks, where it is sucient that N  3.
5) The dependence on the dimension of the system, which can appear
somewhat strange, is on the contrary very signicant; in fact, if one reverses
the reasoning, it turns out that the universal tremor, through h, and the
characteristic features of each particular system one considers, determine the
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dimensions on which the system itself becomes dynamically stable.
6) It seems very hard at this point to establish whether we must refer to
a background noise to explain the origin of the universal Keplerian tremor
eq. (5), or rather assume that it is due to the intrinsic chaoticity that rules
in a dynamical way the stability of complex classical systems constituted by
a \large" number of interacting particles.
We simply observe that our stochastic third Kepler law eq. (5) is pos-
tulated for each fundamental force independently of its details, and yet it
yields in all cases the same result (the universal quantum of action h). Thus
we are prudently inclined to propend for the second hypothesis. It seems in
fact natural to think that a background would be associated to some specic
(possibly yet unknown) interaction.
However, the issue remains open until the validity of the universal Keple-
rian tremor eq. (5), which we have established only via qualitative arguments
and semi{quantitative estimates, will be derived by a quantitative theoretical
treatment that is lacking at the present time.
For the moment being, we move on to provide more consistency checks
of our fundamental hypothesis eq. (5), which yield further support to its
universal validity.
In fact, the natural question arises on how to determine the order of
magnitude, for each particular system, of the characteristic time  . The
latter must obviously depend both on the universal elementary unit of action
 = h and on the details of the chosen aggregate.
It seems then reasonable to assume that  be dened as the ratio between
h and a suitable energy describing the equilibrium state of the given system
on its characteristic dimensions. This leads naturally to identify this energy
with the thermal energy kBT , with kB the Boltzmann constant and T the





With the above denition we can rewrite the universal tremor hypothesis










We can adopt the point of view that the above equation be the denition
of the absolute temperature for the system one is considering. This denition,
as one can see, connects the temperature to the global and the granular length
scales, and to the characteristic velocity associated to the given aggregate.
We now exploit this denition, applying it to some well established ther-
modynamic phenomena, as a further test of validity of our theoretical scheme.
a) Temperature of macroscopic systems. In this case we know that N =
1023mol−1  1024mol−1 (Avogadro constant), and T = 10−2s  10−3s, cor-
responding to a rms velocity vT = 102m  s−1  103m  s−1 for gases around
room temperature. Inserting the numerical values of h=kB we obtain T =
102K  103K, as it should be.
b) Temperature of quarks inside nucleons. In this case N = 1. The
typical energy scale E of light quarks in a nucleon is of the order of QCD =
0:1GeV [13], corresponding to a temperature T = E=kB = 1012K. With the
characteristic velocity of the order of the velocity of light c, and the global
scale of length R = 10−15m, we have T = R=c = 10−23s. Inserting numbers
into eq. (9) we obtain just T = 1012K.
c) Bose{Einstein condensation. Recently, Bose{Einstein condensation
has been experimentally observed in a gas of rubidium and sodium atoms
[14]. The condensate has linear dimension R = 10−4m at a temperature
T = 10−6K and it contains N = 107 atoms. Letting T = R=v, with v the








R = 10−3m  s−1  10−2m  s−1 : (10)
The characteristic velocity thus is smaller by a factor of the order 10−6
compared to the rms velocity of the gas observed at room temperature, in
agreement with the theoretical prediction of a macroscopic \zero" momen-
tum.
Therefore, the denition of temperature derived from the universal Kep-
lerian tremor hypothesis seems to be consistent. We then move on to apply
it to other two signicant cases.
d) Emittance associated to charged beams in particle accelerators. Among
the stable aggregates of charged particles, one can also consider the charged
beams in particle accelerators. The bunch consists solely of charges of the
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same sign, and stability (connement) can be achieved only through the
action of an external focusing potential (magnetic eld).
Due to stability, our analysis applies also to this case in the reference
frame comoving with the synchronous particle, yielding again h as the unit
of action per particle (note that replacing electrons with protons does not
aect in a appreciable way the order of magnitude of  due to the m1=4
dependence in eq. (6)).
The emittance E is the scale of action (or, equivalently, of \temperature")
associated to charged beams. Expressing its numerical value in units of
Planck’s constant h, one has that the estimates of its order of magnitude
in typical accelerators (for instance electron machines) lie in the range E =
106h 109h [15]. Following our scheme, we have from eq. (9):
E = (kBT )T = h
p
N : (11)
Since in a typical bunch N = 1011  1012 [13], we obtain E = 106h in good
agreement with the estimated phenomenological order of magnitude.
e) Cosmic background radiation. This case is of a somewhat more specu-
lative nature. In the framework of our hypothesis it seems quite reasonable
to interpret the measured temperature associated to the cosmic background
radiation, T = 2:7K, as the characteristic \temperature of the Universe".
Consequently, we insert in eq. (9) a characteristic global time T = R=v, with
R the radius of the Universe and v a characteristic velocity. This velocity
cannot be dened unambigously, therefore we take it in the wide range that
goes from 105m  s−1 (the circular velocity of hydrogen clouds surrounding
galaxies) up to the velocity of light.
We now exploit eq. (9) to determine the order of magnitude of N , the
total number of particles in the Universe. Inserting numbers:
N = 1066  1072 ; (12)
which, in our crudely qualitative framework, is compatible, within the error
range, with the value N = 10 ,  = 78  8, estimated by cosmological
arguments [11].
At the end of the present work, it would be a hazard to put forward
some conclusive interpretation of our results. Certainly, so many coinci-
dences cannot be casual, expecially since they have been derived only via
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grossly qualitative arguments, based on the simple mean eld hypothesis of
a universal Keplerian tremor l  2=3.
All this seems to point towards the possible existence of a fundamental
mechanism ruling the Universe on any scale, and a deeper understanding,
through a detailed quantitative treatment, is needed to prove (or disprove)
the validity of the picture we have put forward.
In fact, if further conrmed, the existence of a universal Keplerian tremor
may open new perspectives about the origin and the meaning of quantization
and its relation with the fundamental interactions existing in Nature.
Aknowledgement.
It is very hard for all of us to express in words our deep gratitude to
Francesco Guerra for his invaluable teachings and for his profound and far
reaching insights, during our many{years acquaintance.
References
[1] F. Calogero, Phys. Lett. A 228, 335 (1997).
[2] L. Boltzmann, Lectures in Gas Theory (Dover Pub., New York, 1995).
[3] A. Einstein, Ann. Phys. (Leipzig) 17, 549 (1905).
[4] I. Fenyes, Zeit. Phys. 132, 81 (1952).
[5] R. P. Feynman and A. R. Hibbs, Quantum Mechanics and Path Integrals
(Mc Graw Hill Pub. Co., New York, 1965).
[6] E. Nelson, Dynamical Theories of Brownian Motion (Princeton Univer-
sity Press, Princeton, N. J., 1967); Quantum Fluctuations (Princeton
University Press, Princeton, N. J., 1985).
[7] F. Guerra, Phys. Rep. 77, 263 (1981).
[8] F. Guerra and P. Ruggiero, Phys. Rev. Lett. 31, 1022 (1973).
[9] F. Guerra and L. M. Morato, Phys. Rev. D 27, 1774 (1983);
F. Guerra and R. Marra, Phys. Rev. D 29, 1647 (1984);
L. M. Morato, Phys. Rev. D 31, 1982 (1985).
10
[10] S. Weinberg, Gravitation and Cosmology: Principles and Applications
of the General Theory of Relativity (Wiley, New York, 1972).
[11] P. J. Peebles, Principles of Physical Cosmology (Princeton University
Press, Princeton N. J., 1993).
[12] D. H. Perkins, Introduction to High Energy Physics (Addison Wesley,
Menlo Park, 1987).
[13] Aa. Vv., Review of Particle Physics, Phys. Rev. D 54, 1 (1996).
[14] M. H. Anderson, J. R. Ensher, M. R. Matthews, C. E. Wieman and E.
A. Cornell, Science 269, 198 (1995);
W. Ketterle, M. R. Andrews, K. B. Davis, D. S. Durfee, D. M. Kurn,
M.{O. Mewes and N. J. van Druten, Physica Scripta T 66, 31 (1996).
[15] H. Wiedemann, Particle Accelerator Physics (Springer Verlag, Heidel-
berg, 1995).
11
